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Introduction 

In this article, given a hyperbolic curve X over Q^, we are interested in finding 
a finite etale cover Y of this curve such that the stable reduction of the cover has 
irreducible components lying over the smooth locus of the stable reduction of X. 
Such techniques of resolution of nonsingularities are often used in anabelian geom- 
etry. We will apply our results to the anabelian study of the tempered fundamental 
group. 

In [T51 th. 0.2], A. Tamagawa proved that for every hyperbolic curve X = X\D 
and every closed point x of the stable reduction of A, the exists a finite etale cover 
Y and an irreducible component y of the stable reduction of Y lying above x. We 
would like to generalize this to all the semistable reductions of A: given a semistable 
model A:" of A and a closed point x of the special fiber Xs of A, is there a finite etale 
cover Y and an irreducible component y of the minimal semistable model 3^ of y 
above X such that y lies above xl To give an example of anabelian motivation for 
this kind of resolution of nonsingularities, as shown by F. Pop and J. Stix in [12, cor. 
41], if Aq is a geometrically connected hyperbolic curve over a finite extension K of 
Qp such that A^ q satisfies this kind of resolution of nonsingularities, every section 

of 7rp(Ao) Gal(Qp/A) has its image in a decomposition group of a unique 
valuative point. In this article, we will prove that this resolution of nonsingularities 
is satisfied by Mumford curves. 

First, let us translate this in an analytic setting. Let A*"' be the Berkovich space 
of A. Given a semistable model X of A, there is a reduction map iix ■ A^" Xg. If 
rjy is the generic point of an irreducible component of y, the subset TTy^{r]y) C 
is reduced to a single point. We denote by V{y) the set of points of whose 
image by ny is a generic point. Therefore our question reduces to the following: is 
there Y and an element of V{y) which is mapped to tt^^{x)'! Since V{y) contains 
V{Y) :— V{yo) where 3^o is the stable model of Y and tt^^{x) is a non-empty open 
subset of A**", it is enough to show that the union V{X) of the images of V{Y) in 
A**", where Y runs over finite etale covers of A, is dense in A™. 

Theorem 0.1 (th. 12. 6p . Let X be a hyperbolic Mumford curve. Then V{X) is 
dense in A^". 

To do so, we will study /ip^-torsors of A. Projective systems of /ipn -torsors of 
A are classified by H^{X, Zp(l)). Let c be an element of H^{X, Zp(l)). Let x be 
a Cp-point of A. There is a small rigid neighborhood D oi x in Ac isomorphic 
to a disk and a morphism f : D Gm, i-e. an element / g 0*{D), such that the 
restriction of c to is the pullback of the canonical element of H^{Grm, Zp(l)). Let 
Yn — A be the /Zp^-torsor induced by c. For n big enough, there is a smallest closed 
disk Dn of D centered at x such that i^njUn ~^ ^n\Dn is a non-trivial cover. Then 
the behavior of the restriction of Yn to the Berkovich generic point Xn of Z?„ for n 
big enough only depends on the ramification index e of / : Z? — s> G„i at x. More 



precisely, if ?/„ is a preimage of x„ in 1^, the extension H(y„)/H(a;„) of complete 
residue fields induce an extension k{yn)/k{xn) of their reduction in characteristic 
p. This extension is an Artin-Schreier extension: k{xn) is isomorphic to Fp{X) and 
k{yn) is isomorphic to k{xn)[Y]/ {Y^ — Y — X'^). The general study of Artin-Schreier 
extensions tells us that if e is not a power of p, k{yn) is not a rational extension of 
Fp. This implies that y„ C V{Yn) and that Xn G and therefore x lies in the 

closure of V{X). 

By Hodge- Tate theory, one has a canonical decomposition H^{X,Zp{l)) ®Zp 
Cp — iJ^(Xcp, Oxcp )(1) ® H^i^Cp.^Xcj,)- Let us consider the induced map 
p : H^{X, Zp(l)) H^{Xcj,,^Xcp)- Assume now X is a Mumford curve over Q^. 
Then the image of p lies in H^{X, i^x) and, for c G H^{X, Zp(l)), the restriction of 
p{c) to D is Let J7 C be the universal topological cover of X. If x £ f2(Qp), 
one can find a rational function / with no poles nor zero in Q such that ^ has a 
zero at x with multiplicity m such that to -f 1 is not a power of p. Let c/ be the 
pullback of the canonical element of iJ^(Gm, Zj,(l)) along / : 57 — > Gm, and let 
x„ e 17 be defined as previously. Then for the topology of the uniform convergence 
on every compact on 0*{D), we will approximate / by elements of IJ^, Q{X'), 
where X' runs over finite topological pointed covers of X and Q{X') is the set of 
theta functions of X' . Using this, one can construct for every n a finite topological 
cover X' of X and a /i^n-torsor Y X' such that the preimage in Y of the image 
in X' of Xn lies in V{Y). Therefore x G V{X). Since is dense in X^", one gets 

the density of V{X). 

In a second part, we use the resolution of nonsingularities to study the tempered 
fundamental group. One shows the following: 

Theorem 0.2 (th. 13. 9p . Let Xi and X2 be two Mumford curves over Q^. Given 
an isomorphism between their tempered fundamental groups, there is a canonical 
homeomorphism between there Berkovich spaces. 

The strategy is the following. For every semistable model of a curve X, there 
is a retraction from X to the graph of this semistable reduction. One gets a 
map from X to the projective limit of graphs of semistable reductions, which 
is a homeomorphism. If X is a Mumford curve, by resolution of nonsingularities, 
semistable models of the form y/G, where Y runs over finite Galois cover of X, y 
is the stable model of Y and G — Ga\(Y/ X), are cofinal among semistable models 
of X. However, a theorem of S. Mochizuki tells us that one can recover the graph 
of the stable reduction from the tempered fundamental group f jlll cor. 3.11]). 
Therefore if Yi is a finite Galois cover of Xi and Y2 is the corresponding finite 
Galois cover given by the isomorphism of tempered fundamental groups, the graph 
Gyi of [Vi is canonically isomorphic to the graph Gy-j of 3^2 , and one gets a similar 
isomorphism after quotienting by Gal(Yi/Ari) ~ Gal(l2/-''^2)- The problem is to 
recover from the tempered fundamental group the transition maps between the 
geometric realisation of the different graphs. 

At the end of the article, we will be interested by the anabelianness of the 
tempered fundamental group for punctured Tate curves: 

Theorem 0.3 (th. 14. ip . Let qi, q2 £ Qp such that \qi\,\q2\ < 1. Assume there exists 
an isomorphism ijj between the tempered fundamental groups of {Gm /qf )\{l} and 
(Gm /<Z2')\{1}- Then there exists a £ Gal(Qp/Qp) such that q2 = o'('j'i). 

However, the proof of this result does not build any particular element of Gal(Qp/Qp). 
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Let rti ~ Gm }„gz and Xi — ili/qf. According to theorem 10. 21 the isomor- 
phism of tempered fundamental groups induces a homeomorphism -0 : Gm*^" — >■ 
Gm^" which maps to ^2 for every n S Z. 

Elements of 0{fli)* correspond, up to a scalar, to a current on the semitree 
of fli. Since -0 induces an isomorphism Ti ~ T2, one gets a group isomorphism 
a : 0{fli)* ->■ 0(w2)*- The crucial point will be to show that for every / e 0*{Qi) 
and z e G„i(C), the multiplicity of y- at z coincide with the multiplicity of ^^^jy at 
0(0). By density of Z in Zp, one also gets a similar result for Zp-linear combinations 
of differential 1-forms as y-. Once one knows this, one can build, for every n e N, 

an element / € 0*{fli) such that ^(1) = 9" and '^^{f) ~ 92- o'^e therefore gets 
that for every polynomial P G Zp[X], P{qi) = if and only if P{q2) = 0. 

1. Berkovich geometry of curves 

In the following K — Cp, k is its residue field, which is isomorphic to Fp. The 
norm will be chosen so that \p\ — and the valuation so that v{p) = 1. All 
valued fields will have valuations with values in R>o- 

If X is an algebraic variety over K, one can associate to X a topological set 
X'^'^ with a continuous map : A"*^" X defined in the following way. A point of 
X'^'^ is an equivalence class of morphisms Spec K' ^ X over Spec K where K' is a 
complete valued extension of K. Two morphisms Spec K' X and Spec K" X 
are equivalent if there exists a common valued extension L of K' and K" such that 

Speci ^ Spec AT" 



Specif' ^X 

commutes. In fact, for any point x G AT**", there is a unique smallest such complete 
valued field defining x denoted by H(a;) and called the completed residue field of 
X. We denote by k{x) the residue field of Hix) and by val(x) C R>o the group 
of values of H{x). Forgetting the valuation, one gets points Spec(Ar) X from 
the same equivalence class of points: this defines a point of X, hence the map 
AT™ — > AT. If [/ = Spec A is an affine open subset of X, every x G <j)^^{U) defines 
a seminorm | ja, on A. The topology on (p~^{U) is defined to be the coarsest such 
that X 1-^ \f\x is continuous for every f & A. 

The space is locally compact, and even compact if X is proper. In fact AT**" 
is more than just a topological space: it can be enriched into a AT-analytic space, 
as defined by Berkovich in [2j. 

Points of A^'°" are of four different types and are described in the following way: 

• A closed ball B = B{a, r) C Cp of center a and radius r defines a point 
b = ba,r of Ai^^" by 

I/lb = sup |/(x)| = max|ai|r' if / = V'fliX*. 

The point ba^r is said to be of type 1 if r = 0, of type 2 if r G and of 
type 3 otherwise. The pairs (a,r) and {a',r') define the same point if and 
only if B{a, r) = B{a' , r'), i.e. r — r' and \a — a'\ < r. 

• A decreasing family of balls E = (Bi)i^i with empty intersection defines a 
point by 

l/b = inf|/|b.. 

Such a point is said to be of type 4. 
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If r G and a £ Cp are such that \a\ = r, then |X/a|b^ ^ — 1 ^.nd k{ba.r) ~ k{X/a). 

The classification by type of points can be generahzed to curves in such a way 
that it is preserved by finite morphisms: a point x is of type: 

• 1 if nix) = Cp^ 

• 2 if degtrfc(a;)/Fp ^ 1; 

• 3 if val(x) ^ p^; 

• 4 otherwise (i.e. 'H{x)/Cp is an immediate extension). 

If X is of type 2, we denote by gk{x) the genus of the proper Fp-curve whose field 
of fraction is k(x). 

Let X be a proper and smooth ii'-curve. The topological space is a quasipoly- 
hedron in the sense of [2, def. 4.1.1]: there exists a base of open subsets U such 
that: 

• U\U is finite; 

• J7 is countable at infinity; 

• for every x ^ y G U , there exists a unique subset [x,y] C U such that 
homeomorphic to [0, 1] with endpoints x and y. 

A quasipolyhedron that satisfies itself these three porperties is said to be simply- 
connected. 

If X is a curve, the set of points of type different from 2 is totally disconnected. 
Therefore, on every nonconstant path, there exists infinitely many points of type 2. 

The topological universal cover X°° is a simply-connected quasipolyhedron. 
Therefore any subset / of X°° is contained in a smallest connected subset Conv(/) = 
U(2; y)£i2[x,y]- If J are closed connected subsets of X°°, one denotes by [/, J] = 
C\{x i/)e/x jl-^' y]- homeomorphic to [0, 1] if /fl J = and iCi [I, J] and Jn [/, J] 
are reduced to a point. If a; € X°° and / is a closed subset oi X°°, one denotes 
by ri{x) the unique element of [x,I] D I. The map rj : X°° / is a continuous 
retraction of the embedding I X°°. 

Let X he & semistable model. There is a specialization map ttx : X^'^ — ^ Xk 
defined in the following way. If a; G X^''^, the morphism Spec?^(a::) X extends in 
a morphism Spec 0-^(2;) X hy properness of A" ^ Spec Ok, hence a morphism 
Spec A: (a;) Xk'. the image of this morphism is irxix). This specialization map is 
anticontinuous: the preimage of a closed subset is an open subset. 

If z is the generic point of an irreducible component of Xk, then z is of codi- 
mension 1 in A' and thus Ox,z is a valuation ring. The completion of Frac O^'.z 
defines a point of X™ which is the unique element of 7r^^(z). One denotes by 
V{X) C X^" the set of such and by ViX)°° its preimage in X°°. 

One has X'^"\y(A') =UT^x^ix) where X goes through closed points of Xk, and 
7r^^(x) is open by anticontinuity of nx- In particular, if z, z' S are such that 
7r;f (z) ^ TTx{z'), then every path joining z to z' meets Y{?C). 

One denotes by S'(A')°° = Conv(y(A)°°) and by the retraction rs^x)'^ ■ 
X°" S'(A)°° of the embedding : S{X)°° X°°. Since V{X)'^ is Ga\{X°°/X)- 
invariant, S{X)°° is also Gal(X°°/X)-invariant and is Gal(X°°/X)-equivariant. 
One denotes by S{X) the image of S{X)°° in X™: it is called the skeleton of X. 
One denotes by rx the retraction X^''^ — >■ S{X) induced by . The space S{X) 
is compact and the inclusion map lx ■ S{X) X**" is a homotopy equivalence. 
In fact X is characterized by the fact that it is the smallest subset S of X**" that 
contains V{X) and such that S — > X*^" is a homotopy equivalence. 

If 2; is a node of Xk, then 7r^^(z) is an open annulus. It contains a unique 
closed connected subset Sz homeomorphic to R. More precisely, if one choses 
an isomorphism of analytic spaces 7r~^(z) ~ {z £ A^'^'^jro < \T\z < 1}, then 
Sz — {ba.r,ro < r < 1} (in particular the points of type 2 of Sz can be identified 
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with Q n (ro, 1)). If z is a closed point of the smooth locus of X^, then tt^^{z) is an 
open disk. Since, for every point b of type 2 of disks and annuli, k{b) is a rational 
extension of k, one gets that if a; G X*" is a point of type 2 such that gk{x) Oi 
then X G V{X). 

One recovers S{X) as the union of V{X) and of Sz for every node z of X^- One 
gets that S{X) is homeomorphic to the dual graph of Xk- 

If Xi — > X2 is a morphism of proper and smooth iiT-curves and Xi — >■ X2 is an 
extension to semistable Oi<-models, then 

xr — ^ Xi^k 



is commutative. 

Assume now that Xi — >■ is a morphism of semistable models of a same curve 

X. If zi is the generic point of an irreducible component of Xu; which maps to 
the generic point Z2 of an irreducible component of ^2,^, the previous diagram tells 
us that = bz2- Since Xi — > X^ is surjective, one gets that V{X2) C V{Xi) c 
S{Xi). Since S{X2) is the smallest subset of X™ that contains V{X2) and such that 
S{X2) — )■ X™ is a homotopy equivalence, one gets that S{X2) C S{Xi). Similarly, 
one has ^(^^2)°° C ^(^"1)°° and S{X2)°° C S{Xi)°°. 

Therefore, for every .x G X"""^, [x,S{Xi)] C [x,S{X2)], and thus ixirxi G [x,S{X2)]. 
This implies that rx2i'Xif'Xi = rx^- Therefore, the maps rx^/x^ •= fx^i-Xi '■ 
5(^*1) — >■ S{X2) are compatible with composition and {S{X))x is a projective 
system of topological spaces. The maps {rx) induce a conitnuous map 

rx ■X^''^^S{X). 

X 

Proposition 1.1. The map rx is a homeomorphism. 

Proof. Since X^'^ is compact, the surjectivity of rx follows from the surjectivity of 
each rx- 

Let X ^ x' be such that rxg (x) = rxo {x') where Xq is the minimal model 
of X. Let U he a. simply connected open neighborhood of rxo{x) in S{Xo) and 
V = r^^(J7). Since ^ is a simply connected quasipolyhedron, there is a minimal 
connected subset [x,x'] C V containing x and x' . It is homeomorphic to [0, 1] and 
has a natural order that make x the smallest element. Let Xi < X2 & [x,x'] be 
points of type 2. 

Since Xi is of type 2, V\{xi} has infinitely many components. Since Qp-points 
are dense in X*^" one can find Zi^i, Zi^2, Zi^s G ^ fl X(Qp) lying in different con- 
nected components of X*"\{a;i}. Let X be the stable model of the marked curve 
{X,{zij}i=i,2:j=i.2,3- Since nx{zi^i) ^ nx{zi^2), one has S{X) n [zi^i,Zi^2] ^ and 
therefore rx{zi,i) G [zi,i,Zi^2]- 

Therefore, replacing Zi^2 by 0^,3, one gets that rx{zi,i) G [zis,Zi^2] n [24,1, 2^,3] = 
and similarly rx{zi,2) G [zi,2,a^i]- Since S{X) is connected and intersects 
[zi,i,Xi] and [zi^2,Xi\, Xi G S{X). Therefore, in [a;, a;'], rx{x) < xi < X2 > rx{x'), 
which proves the injectivity of rx ■ 

Since X*^" is compact and ^H^^ S{X) is Hausdorff, rx is a homeomorphism. □ 

Let Xi A2 be a morphism of semistable models of X. Let 2; be a node of X2^k- 
We will the notation 



(1) 



Az,x, ■= V{Xi)nSz. 
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If one chooses an orientation of Sz — R, A^^Xi then becomes an ordered set. One 
denotes by = IJa-i ^^.^i ^ 

2. Resolution of non-singularities 

2.1. definition. Let X = 'X\D be a Iryperbolic curve over K. Let X^^^ C X™ be 
the subset of type (2) points. 

Let V{X) be the set of points x of X™ such that there exists a finite etale cover 
f : Y ^ X and y £ V{Y) such that f{y) ^ x. If x & V{X), then Y can be 
chosen to be Galois, so that in particular f^^{x) C V{Y), since V{Y) is Galois 
equivariant. Let V{X) be the closure of V^(^) in X. If / : F — > X is a finite etale 
cover V{Y) = f-\V{X)) and V{Y) = f-^V{X)). One has V{X) C X^^y 

Definition 2.1. One says that X satisfies resolution of non-singularities, or RNS{X) 
for short, ifV{X) =^g- 

Proposition 2.1. Let X = X\D be a curve. The following are equivalent: 

(1) V{X)^Xl^); 

(2) V{X) = X""; 

(3) X{K) C V{X). 

Proof. • (i) ^ [a). Points of type (2) are dense in X^.^. 

• {ii) {Hi) is obvious. 

• [Hi) {i). Let x 6 ^(2)- Then X^^\{x} has infinitely many components 
and they are open in X'^^. Since X{K) is dense in X'"', each of this com- 
ponents intersect V{X). Let xi^X2tX^ G T^C-'^) lying in different connected 
components S'i,S'2,5'3 of X^^\{x}. Let / : y — )■ X be a finite cover such 
that there is over Xi lying in S'(F) for i = 1, 2, 3. Up to replacing F by a 
Galois closure, one can assume that Y ^ X \s Galois. Since the image T of 
S{Y) in X^" is connected and xiX2 G T, one has x e T. Since S[Y) C 

is Gal(r/X)-invariant, = f-^{T). Let y G /"^(a;). For any neigh- 

borhood U oi X, U nT Si 9. Thus for any neighborhood V oi y small 
enough (for example, such that f^^{x)r\V — {y}), then VnS{Y)\{y} has 
at least three connected components. Thus y G V{Y) and x G V{X). 

□ 

If X is a curve over Q^, then X{Qp) is dense in X{Cp), thus X satisfies resolution 
of nonsingularities if and only if X(Qp) C V{X). 

If y — > X is a morphism of hyperbolic curves over and A" is a semistable 
model of X, there exists a minimal semistable model y oi Y above X {y is the 
stable marked hull of the normalization of X in K{Y), in the sense of [10, cor. 
2.20]). 

Proposition 2.2. Let X be a Qp-citrwe which satisfies resolution of nonsingular- 
ities. Let X be a semistable model of X and let x be a closed point of X^. There 
exists a finite cover Y X such that yk has a vertical component above x, where 
y is the minimal semistable model ofY above X. 

Proof. Let ttx ■ X^^ — )> X^ be the specialization map. Since x is closed, w^^^x) 
is open, and therefore contains a point x of type 2. Let F be a cover of X and 
let y G V{Y) be above x. Then, for the stable model 3^o of Y, y specializes via 
TTy^ to a generic point of J'o.fe- Therefore, y specializes to a generic point for every 
semistable model of Y, in particular for y. Then y :— TTy{y) is mapped to x and 
therefore the closure of y is a vertical component above x. □ 
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2.2. Splitting points of Zp(l)-torsors. The map Gm Gm defines a /i„-torsor 
over Gm- The corresponding element of iJ^(Gni,Mn) is denoted by Ccan,n- 

Let _D be a disk centered at and let / : _D — Gm be a non constant morphism. 
Let Cn = /*Ccan,p" G H^(D, fipn). Let Yn ^ D he the corresponding /.tpn-torsor. 

Let f{X) = J2k>o ^kX'^ be the power series of /. Let eo(/) = inf{fc > l\ak ^ 0} 
be the ramification index of / at 0. 

Let ro(c„) = inf{r > 0|K„ is not split above 6o,r} when it exists. Then Yn is 
trivial above _D(0, ro(c„)~) (otherwise it could be extended in a non trivial finite 
cover of P^). 

Let Un G Yn be above x„ — ^o,ro(c„)- The cover Yn ^ D induces a morphism 
1-L{xn) T^iVn) of complete valued field. Let k{xn) k{yn) be the morphism of 
their residue fields. 

We want to study the asymptotic behavior of ro(c„) when n goes to oo and 
k{yn)- 

Proposition 2.3. Their exists C such that, for n big enough, ro(c„) = Cp "o^f' . 

Moreove, for n big enough, : ~ ['H{yn) ■ 'H(a;„)] — p and k{yn) is 

isomorphic to k{X)[T]/{TP -T - X''°^f'^). 

Proof. Up to multiplying / by a constant, one can assume /(O) — 1. Let N = eo(/). 
Up to replacing _D by a smaller disk, one can assume that X]fc>A' o-kX^ has a A^th 
root t, so that / = 1 + t^ . Moreover up to replacing _D by a smaller disk, one can 
assume that t induces an isomorphism t : D Dq where Dq is also a disk centered 
at 0. Since t maps bo r to foo.Ar where A is a constant, it is enough to prove the 
result for ft^^. One can thus assume that / = 1 + X^ . 

One has fn-i f^/^"'" = Efc hX^'' where bk = (^/^J"') and Vp{bk) = -k{n- 
1)—Vp{kl). The series /^/'' is convergent on the disk of radius p"'-"^^^?^-'^^. By 
replacing n — 1 by n, one gets that ro(c„) > A„ := Let l + y e 0(Yn) 

be the p"th root of / such that y{0) — 0. Then y satisfies the equation 

k=l ^ ^ fe>l 

Let b = 6o,A„ G D. Let b' be above b in y„ and let b" be the image of b' in Yn-i- 
Since A„_i > A„, the torsor c„_i is split at b" , one has \H{b') : T-L{b)] = \H{b') : 
n{b")]\p and nib) = + VY - fn-i). 

At 6, one has |6iX^|f, = \^phn-t^\b = p '^, and all the other terms in the right 

member of © have smaller norms: |5fct^'^|b — p^F^+^p^*^') < p^'^ < p^J^ for 
every fc > 2. In particular 

fc=l ^ ^ k>l 

If \y\b> < p~^, then \{l)y''\b' = P^^*-'! < if 1 < /c < p and \{l)y''\b' = 

\y\P < p^p^ if k — p, which is impossible since | Xlfc=i {k)y'^\i>' ~ P~'^ ■ If l^lb' > 
p~p^, then 1(^)2/'^ 1 6' < \y^\ for every I < k < p and therefore | (D^'^l''' ~ 

\yP\ > p p-i , which is impossible. Therefore, \y\hi = p p-i . One gets that \py\ = 
\y^\ — p^p^ and \[^^y''\b' < p^p^ for every 2 < fc < p — 1. 

Therefore, in the ring {a e H{b')\\a\ < p^^}/{a G H{b')\\a\ < p'^}, equa- 
tion (21) becomes py + yP = X^/p"^^. 

Let z — y/ai £ H(fe') and u = Xja^ G "^(6) C where af^ = —p and 

= p""^a^. One has |z|f,' = |u|f,' = 1 and fc(6) = k(u). Let z and u be the classes 
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of z and u in fc(6'). Equation Q induces in fc(fe') the equality: 

zP-z = u^. 

Therefore fc(&)[z] C k{b') is a non trivial extension of k{b). Since [H{b') : 'H{b)]\p, 
one gets that ['H{b') : 'H(fc)] — p, b = Xn, and = fc(&)[z] is the wanted Artin- 
Schreier extension of k{b) (because k{b) — k{u)). □ 

If one writes eo(/) — p"^d where d is prime to p, the genus of the Artin-Schreier 
curve TP -T ^ X'^^'-f'^ is g ^ {d - l){p - l)/2 (cf. H §2.2, eq. (8)]). In particular, 
if eo(/) is not a power of p, then, for n big enough, fc(y„) is not isomorphic to 
fc(A'), so that if Yn is an anlytic domain of a curve y„, one must have y„ G V{Yn). 
It should be noticed that eo(/) = ordo(y) + 1, where ordow denotes the x-adic 
valuation of e Cp[[A:]]. 

2.3. Resolution of non-singularities for Mumford curves. In this subsection 
we show that Mumford curves over satisfy resolution of nonsingularities. 

A proper curve X over is a Mumford curve if the following equivalent prop- 
erties are satisfied: 

• all normalized irreducible components of its stable reduction are isomorphic 
to F\ 

• X**" is locally isomorphic to pi^^"^ 

The universal topological covering il of X^'^ for a Mumford curve X is an open 
subset of pi'3,n_ ]y[ore precisely there is a Shottky subgroup F of PGL2(Cp), i.e. 
a free finitely generated discrete subgroup of PGL2(Cp), such that ft — P-^''^'^\C 
where C is the closure of the set of Cp-points stabilized by some nontrivial element 
of r. The points of £ are of type 1, i.e. are Cp-points. Then X isp-adic analytically 
uniformized as 

andr = 7rJ°P(X). 

Lemma 2.4. Let I be an infinite subset of Kq, where Kq C K is a finite extension 
of Qp. Let X G Qp be a point not belonging to I . Let E = {k Cz N|3a G Qp^', k = 
orda;(^jgj -^^)} and w„ = ^{E Cl [0, n]) . Then the sequence {u„/n)n does not go 
to when n goes to infinity. 



Proof. Up to replacing Kq by iiro[x] and ihy i x for every i G I, one can assume 
X = 0. Let V be the Qp- vector subspace of A'o[[X]] generated by (jf3j) je/. Let 
C=[Ko:Qp]. 

Let Vn be the image of the Qp-linear map (j>n : V Ko[[X]]/X'^. One has n € E 
if and only if Ker(0„) C Ker(0„_i). Therefore 

• dimQp Vn = dimQp K-i ii n ^ E; 

• dimQp Vn<C + dimQp K-i- 

Therefore dimq^ Vn < Cu„. However the morphism /„ : Vn^ci^K — > i4r[[X]]/X" is 
surjective. Indeed let ii, . . . , i„ be n different elements oil and let P € K[[X]]/X". 
Let P be a representative of P in Let R be the reminder of -Pnfe=i(^ ~ *fe) 

by the division by X". Then, since deg(i?) < n, ^ {x-ik) ~ Sfe x-ik ^^""^ some 
(afc)fc in K", and, since 1\,^{X - ik) is invertible in iir[[X]], P = fn{J2k ^i)' 
which proves that /„ is surjective. Therefore dimq Vn = dimK Vn (8iq K > n and 
Un/n>l/C. " " □ 
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Let / be an infinite subset of Kq, where Kq C X is a finite extension of Qp. Let 
X G Qp. Lemma [2.31 shows that there exists (a.;) G Qp^'' be such that <? = X) 
is such that OTdx{g) + 1 is not a power of p. Up to multiplying all the by 
pmaxi^i(-vp{ai)) ^ ^j-^g ^,^-1^ assumc fl^ £ Zp. Let /o C / be the support of the family 

For i € Iq and n > 0, let Ui^n G Z be such that Vp{ai^n ~ o-i) > JT-- 

Let /„ = n.G/o(f=T)°"" P'Uo ^ G,„. Let D = {z G G,„||X - xU < 
miuig/Q |a; — The sequence (/„) is uniformly convergent on every affinoid subset 
of D and defines over D a morphism f : D ^ and /'// = g over D. 

Let c„ : y,i — ?> P^\/o be the /ip^-torsor over P^\/o obtained by pulling back 
along /„ the canonical torsor (remark that c„ only depends on a,; and not on a^^n). 
The restriction of c„ to D is also the pullback of the canonical torsor along /. 

According to proposition 12.31 there is a point y„ G K„ such that gk{y„) ^ 1 smd 

Cn{Vn) X. 

One gets the following result: 

Proposition 2.5. Let I be an infinite subset of a finite extension o/Qp. For every 
X G Qp, there is a finite subset Iq C /\{a;} and a Zp(l)-torsor c = (c„ : Yn — > 
P^\/o) of P^\Iq and for every n > 1 a point yn G Yn such that gk{y„) ^ 1 ^"■^ 

Cn(j/n) X. 

Theorem 2.6. Let X be a Mumford curve over Qp. Then, X satisfies resolution 
of non- singularities. 

Proof. Let x G X(Qp). According to proposition 12.11 it is enough to show that 
X G V{X). 

Let Vi — P^'™\£ be the topological universal cover of X, and let F = Gal(il/X) C 
PGL2(Cp). Let z be a point of Q, above x. One can assume that F C PGL2(i^o), 
where Kq is a finite extension of Qp. Let 5 G F. Let i G £ fl P^(Qp) be a point 
that is not fixed by g. Up to replacing by a finite extension, one can assume 
t G Kq. Let / = {5"(<)}nez C Kq. According to proposition 12.51 there exists a 
finite subset Iq of / and a Zp(l)-torsor (c„ : Yn P^\/o) of P^\/o and a point j/„ 
of Yn such that gky^ > 1 and z„ := Cnijjn) ^ z. Let Xn be the image of z„ in X. 
Fix n and show that x„ G Let e be small enough so that the canonical pLpn 

torsor of Gm is split at bi^^. Let / G 0{V^\Iq)* such that c„ = f*Ppn. 

Let zq £ i^(Cp). By replacing / by f{z)/f{zQ), one can assume /(zq) = 1- Let F' 
be a subgroup of F of finite index. Consider /r'(-z) = Ilger' f{g{zo)) • product 
converges uniformly on every affinoid domain of ft and therefore defines an element 
of 0{n). Moreover, for every g G F', is a constant function, i.e. fy is a theta 

function of X/V . If (Fj„)mGN is a decreasing sequence of subgroups of finite index 
of F such that PlmLm = {!}; the sequence (/r,„)meN converges uniformly to / on 
every affinoid domain of fJ. In particular, there exists a subgroup F' of finite index 
of F such that |/r'// ^ 1U„ < Let c' = /pz/^p" : F' fi. Then c„ - c' is split 
at z„. Therefore c„ and c' are isomorphic above z„ and there is y' G above z„ 
such that gk , > 1. Since /r' is a theta function of Sl/F', there exists a ppn torsor 
c" : y" — >■ fi/F' such that c' = p*c" where p is the topological cover Vl Vl/V . 
Since Y' — > F" is a topological cover, the image y" of y' in Y" is in y(y"). Since 
Y" X is a finite cover and maps y" to x„, a;„ G V{X). Therefore x G V{X). □ 

Since P^\{0,l,oo} and punctured Tate curves have finite etale covers that are 
nonempty Zariski open subsets of Mumford curves, they also satisfy resolution 
of nonsingularities. For every curve X over Cp, there exists a nonempty Zariski 
open subset U <Z X and a finite cover U P"'^\{a:;i, . . . with rt > 3. Since 
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P^\{xi, . . . , Xn} satisfies resolution of iioii singularities, U also satisfy resolution of 
nonsingularities : 

Corollary 2.7. Every Cp-curve has a Zariski dense open subset which satisfies 
resolution of nonsingularities. 

3. Resolution of non singularities and anabelian tempered geometry 

3.1. Tempered fundamental group. Let K he a. complete nonarchimedean field. 

A morphism / : S" — > S* of iiT-analytic spaces is said to be an etale cover if 
S is covered by open subsets U such that f~^{U) = V, and V, — ?> [/ is etale 
finite ([5]). 

For example, finite etale covers, also called algebraic covers, and covers in the 
usual topological sense for the Berkovich topology, also called topological covers, 
are etale covers. 

Then, Andre defines tempered covers as follows: 

Definition 3.1. (|T1 def. 2.1.1]) An etale cover S" ^> S* is tempered if it is a quotient 
of the composition of a topological cover T' T and of a finite etale cover T S. 

This is equivalent to say that it becomes a topological cover after pullback by 
some finite etale cover. 

We denote by Cov*°'"p(X) (resp. Cov^is(X), Cov*°p(X)) the category of tem- 
pered covers (resp. algebraic covers, topological covers) of X (with the obvious 
morphisms). 

A geometric point of a _fi'-manifold X is a morphism of Berkovich spaces (17) 
X where il is an algebraically closed complete isometric extension of K. 
Let x be a geometric point of X . Then one has a functor 

: Cov*"°P(X) ^ Set 

which maps a cover S' — ?> A to the set Sx- If S and x' are two geometric points, 
then Fx and Fx' are (non canonically) isomorphic ([51 prop. 2.9]). 

A functor F : Cov*°'"p(A) — > Set is said to be a fiber functor if it is isomorphic 
to Fx for some (and therefore every) geometric point x oi X . 

Proposition 3.1. A fiber functor o/Cov*°™p(A) is pro-representable. 

If is a fiber functor of Cov*°™p(A), a pointed tempered cover of X is a couple 
[S, s) where 5 is a tempered cover of X and s £ F{S). A pro-tempered cover X of 
X is called universal if F^ := IIom(A, ) is a fiber functor of Cov'''™p(A'). 

The tempered fundamental group of X pointed at a fiber functor F is 

7rf"P(A,F) = Auti^. 

The tempered fundametal group of X pointed at a universal pro-tempered cover X 
is _ _ 

Trf "'P(A, X) = Aut A = Aut F^. 
The tempered fundamental group of X pointed at a geometric point x is 

/i^'"P(A,S)=/i^'"P(A,i^s) 

When A is a smooth algebraic ivT-variety, Cov'°'"p(X'^") and vrf '"P(A^", i^) will 
also be denoted simply by Cov*°'"p(A) and 7r*™P(X,F). 

By considering the stabilizers (Stabi?(5) (s))(5'.s) as a basis of open subgroups of 
^temp^j^^ i^), 7rJ°™P(A, F) becomes a topological group. It is a prodiscrete topolog- 
ical group. 

When X is algebraic, K of characteristic zero and has only countably many finite 
extensions in a fixed algebraic closure K, 7r*°™P(A, F) has a countable fundamental 
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system of neighborhood of 1 and ah its discrete quotient groups are finitely gener- 
ated (m prop. 2.1.7]). 



Thus, as usual, the tempered fundamental group depends on the basepoint only 
up to inner automorphism (this topological group, considered up to conjugation, 
will sometimes be denoted simply by tt\°"^^{X)). 

The full subcategory of tempered covers S for which Fx{S) is finite is equivalent to 
Cov''^^{S), hence 

7rr^,x)=^f^(X,i) 

(where ^ denotes here, and in the sequel, the profinite completion). 

For any morphism X ^ Y, the pullback defines a functor Cov*°™P(y) Cov*'""p(X). 

If a; is a geometric point of X with image y in Y , this gives rise to a continuous 

homomorphism 

/rp(x,x)^/r'(r,y) 

(hence an outer morphism Tr^^™^{X) — > 7rJ°"^^(y)). 
One has the analog of the usual Galois correspondence: 

Theorem 3.2. ([TJ th. 1.4.5]) A fiber functor F induces an equivalence of categories 
between the category tempered covers of X and the category tt*'""^ {X, F) - Set of 
discrete sets endowed with an action of n^^"^^ {X , F) through factorizes through a 
finite quotient. 

If S* is a finite Galois cover of X, its universal topological cover S°° is still Galois 
and every connected tempered cover is dominated by such a Galois tempered cover. 
Let a: be a geometric point of X. Let " lim^ "(S'i, s^) be a pointed universal pro- 
finite cover of X. Let {S°°, s°°) be the pointed universal topological cover of (5*^, Si). 
Then " ^m ^ "5*°° is a universal pro-tempered cover of X. 

If 5* = " lim"S'i is a pro-tempered cover of X, one denotes by \S\ the topological 
space ^m 5*^ . 

Let {X, D) be a marked curve. Let X = X\D. If S* is a tempered cover of 
X, it extends uniquely, and functorially in y, in a ramified cover 5 — > X ((Tj th. 
III. 2. 1.11]). If S' = " ^^5*/' is a pro-tempered cover of X, one denotes by \S\c the 
topological space ^imS'i. Any morphism S" — > 5" of pro-tempered covers induces a 
continuous map \S\c — > |>5"|c- In particular, if X is a universal pro-tempered cover 
of X, 7r*™'P(X,X) = AvLtX acts on \X\c. 

Let V be the set of prime numbers and Let L be a subset of V. We call L-integer 
an integer which is a product of elements of L. One writes {p') for 

A L-tempered cover of A" is a tempered cover such that there exists a finite 
etale Galois cover Y ^ X of index a L-integer such that SxxY — > Fisa topological 
cover. We denote by Cov*°™P(Ar)^ the category of L-tempered covers. If F is a 
fiber functor of Cov*™p(A:), we denote by 7rf™P(X,i^)^ the topological group of 
automorphisms of F| cov'<=">p(x)i-- If -'^ is a universal pro-tempered cover of X, one 
defines X^ = " ^^^^y where Y runs over X-pointed L-tempered cover. 

If L C L', the fully faithful functor Cov*^™p(A:)*^ ^ Cov*^™p(X)'^' induces a 
morphism 7rJ°™''(X, F)^ — > 7r*°™^(X, F)^, and in particular when L' — V, one gets 
a morphism 7rf'"P(X,F) ^ ^\^'''^ {X , Ff . 

3.2. Decomposition group of a point. Let (A", D) be a marked if-curve, and 
let X = X\D. Let X be a universal pro-tempered cover. One defines X^ = 
hm^ Y°° where Y runs over the A'-pointed finite etale covers of X of index an 
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L-integer and is the X-pointed universal topological cover of Y. li p ^ L, 
every morphism Z — > F of X-pointed finite etale covers of X of index an L-integer 
induces a morphism of tree Tz Ty ; one defines T'^ to be linj^ Ty . The family of 

embeddings V{Ty) Y°° induces an embedding V{T\) \X^\. If z ^ (zy) is an 
edge of , then every morphism Y Y' induces a homeomorphism Szy ~^ S^'^ 
and one defines Sz = lim^^ Szy ■ 

Then 7rf'"P(X,l) acts on \X\c. Similarly 7rf™P(X,X)^ acts on \X^\c. Let 
X G \X\c. One denotes by the stabilizer of x in ■k^^'"^'^ {X , X) , and by Dx^i, its 
image in 7r*'^™''(X, X)*". The group Da;,L is the stabilizer of the image of x in iX^'jc- 
The decomposition group depends only of the image of x in X up to conjugacy. 

Theorem 3.3 ([11, cor. 3.11]). // Xa and Xp are two hyperbolic Qp-curves, 

every (outer) isomorphism 7 : Tr\^™^(Xa^Cp)^^ — ''^T^'^i-^P-Cp)^^ determines, 
functorially in 7, an isomorphism of graphs 7 : Gx^ — ^Xfj ■ 

More precisely, the map x 1— >■ D^^(^pi-j identifies the vertices of Tx with the max- 
imal compact subgroups of tt*^™"^ {X^p ^ and two vertices x,x' of Tx are linked 
by an edge if and only if D^j^pi) D D^ij^pi^ ^ {1}. Therefore the isomorphism 

7 : Tr\'^™'^{Xa,CpY'^ ^ — T^T'^'^iXj^^Cp)^^ induces an equivariant isomorphism of 
graphs —5" Tx^ , which gives 7 by quotienting by the action of the tempered 
fundamental group. 

Proposition 3.4. Let x\ ^ xi ^ V{X). Then D^^ and are not commensu- 
rable. 

Proof. Let (Y, / : X ^> F) be a pointed finite etale cover of X such that f{xi) ^ 
f{x2) e V{Y). Then D^^ n 7rf'"P(y,X) = But the images of Df^^^) and 

Df(x2) ill TT^i"^'^iY.,X)'^P ) are already not commensurable. □ 

Corollary 3.5. Let x G V{X). Then is its own normalizer. 

Proof. Let g be in the normalizer of D^. Then Dgf^-^ — gD^g^^ = Dx- Since 
x,g{x) G V{X), proposition 13.41 tells us that x ~ g{x), i.e. g G D^. □ 

According to [7, prop. 10], if is a compact subgroup of tt\'^'^^{X,X) which 
is not a pro-p group, there exists x G \X\c such that D C D^. Moreover, a point 
X G \X\c is in V{X) if and only if there exists an open finite index subgroup H C 
^^cmp^^-j g^(,jj -j-j^^-j- i-jjg image of n iJ in ij(p') is non commutative. Therefore, 
the set V^(^) can be identified with the set of conjugacy classes of maximal compact 
subgroups D of n^^^^lX) such that the image oi DHH in H'^p ^ is non commutative 
for some open finite index subgroup H of 'n\'^^{X). 

3.3. Tempered theoreticness of Berkovich topology. Let {X,D) be a Qp- 
marked curve and let X — X\D. If F — > X is a Galois finite etale cover and 
(3^, T^y) is the stable model of Y, Xy := y / Gal(y/X) is a semistable model of X. 

Let us say that a topological group is temp- like if it is isomorphic to the tempered 
fundamental group of a hyperbolic curve over Qp that satisfies resolution of non- 
singularities. We will construct for any temp-like topological group H a topological 
space <S'(n) endowed with a continuous action of 11. The construction will be 
purely group theoretic, so that it will be functorial with respect to isomorphism of 
topological groups. Moreover when n = 'k^^™^{X,X), we will get a -k'-^"^'^ {X , X)- 
equivariant homeomorphism \X\ S {tt^i™'^ {X ^ X)) . 
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Let n be a temp-like topological group. We fix an isomorphism 11 ~ 7r*''™^(X, X) 
(but we will take care that the construction of S'(n) do not depend on this isomor- 
phism). Then there is a smallest normal open subgroup 11°° such that n/n°° is 
torsionfree. One can also see as the closed subgroup generated by the compact 
subgroups of n. One defines the topological group II'^ ^ :— ^im^ Il/N°° where N 
goes through open normal subgroups of finite index prime to p of 11 (such an N is 
also temp-like, so that N°° is well defined) . The morphism 11 — > 11'^^' ^ has dense 
image. We denote by n(p')'°° the kernel of H^p') n/n°°. 

If is a normal open subgroup of 11 of finite index, let V(n)H be the set of 
maximal compact subgroups 13 of 11 such that D n H is not commutative. Let 
^(n) ^(n)^. The group 11 acts by conjugacy on V^(n) and on V(n)H for 

every H. 

Recall that there is an equivariant bijection V{X) — )■ V(n) that maps x to D^- 
More precisely, li {Y, f : X ^ Y) is the pointed finite etale cover of X corresponding 
to H, it induces a bijection {x G \X\ : f{x) G T^(i^)} — > V{II)h- By quotienting by 
one gets a bijection V{Y)°° -> V{U)h/H°^. 

Let H C n he a normal open subgroup of finite index, H is also temp-like: it is 
isomorphic to 7r*""^(y, X) for some Galois finite etale cover Y of X. Let V{H)^p ^ 
be the set of maximal compact subgroups of H'^p \ Let E{HYp ^ be the set of pairs 
of elements (D, D') of ViH^P'^ such that DnD' ^{1}. These data define a graph 
G{H)^P \ Since H is normal in H, the group n acts on H^p ^ by conjugacy and 
therefore on G{H)^p \ Remark that H^^ ^ also acts by conjugacy on G(i/)(P') and 
that the action of H and of H'^p'> coincide on H. 

According to [71 Th. 6], there is a H-equivariant isomorphism Ty ~ G{H)''P ' 
that maps a vertex x to its stabilizer by the action of H^p K If e = {D, D') G 
E{H)^P'\ one denotes by := D f) D' C H'-p'I The group is the stabilizer of 
the image of e in T^'^ for the action of H'^p'^ on G,{H)'^p'\ 

Let 

G{H) = G{H)'^P"> /H^P"> and G{H)°^ = G{H)^p"> 
Then G{H) can be identified with Gy and G{H)°° with Ty. 

If D E V{ir)H, the image is a maximal compact subgroup, and 

therefore defines an element of V{HYp \ hence a H-equivariant map pn '■ V(n)H 

v{hYp'K 

Moreover, the induced map pg" : V{U)h/H°° V{H)'^P'y H^p"^^°° is bijective: 
Indeed, the diagram 




y(y°°) 

is commutative and the two vertical maps are bijections. 

One has H°° C 11°° and one gets a H-equivariant map : H'^p ^ — > H^^* \ 

Lemma 3.6. Let D e V{HYp">. The subgroup i%}i{D) C H^p'' is either: 

• an open subgroup of Di for a unique Di G ^(H)'^ 

• an open subgroup of De for a unique e G i?(H)^P 

• {I}- 

Let e G E{HYp'\ The subgroup i%}i{De) C H^p') is either: 
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• an open subgroup of for a unique e G i?(n)(P ^; 

• {!}• 

Proof. Uniqueness is clear. 

Since p'^ is surjective, up to conjugating D by an element of H^p\ one can 
assume that D is the image of pn- Let Dq £ V(n)H be a preimage of I? and 
let X be the corresponding point of V{X). Since H is open in Dx, 
is open in the image D^^^p') of by 11 -^> n^^* ^ Let x be the image of x in 

X(P'). If 5 e then Dx.Xp') e y(n)(p'); if i lies in an edge e of T^'\ 

then Dx^[p') = D^; otherwise, the image of a; in X lies in a disk and since every 
prime-to-p cover of a disk is trivial, D^^^p') — {!}• 

if e G E{H)^P \ there exists y G \Y^p ^\ such that — D^- Up to conjugating 
D by an element of H^p\ one can assume that there is x € \X\ which maps to 
y. Let X be the image of y in \X^p )|. Once again, S^]j{Df.) is open in D^. Since 
y i X ^ U(X)(P'). Therefore either x lies in an edge e' of T^'' and 

Dx = De' or X lies outside the image of S{X)^p ^ and D^ — {!}■ □ 

One denotes by Gn-(iy) = G(7J)°°/n°°. If one identifies G{H)°° with Ty, 
then Gn°°(^f) = 'ir(AV)- The bijection p^'"^ induces a bijection Vu°^{H) 
U(n)/f /n°°. li H' C H arc two normal subgroups of 11, the Il-equivariant injective 
map V(n)H — i> U(n)^ induces an injective map Vn^{H) Vn=(i?')- 

Let e = {Di,D2) G £;(n)°°. One denotes by 

■■= {D e ViH^P'^lBe G E{uYp'\ [e] = e and {1} ^ if^iD) C I?,} 
The action of and of n°° on V{HYp"> stabilize Ae,H- Let 

Thus Ae^// is a subset of Un=o(i?). An element C 11 of V(n)H is mapped to 
Ae,H by U(n)/f — > Vn°° if and only if the image of D in II'^p ^ is a representative 
of e. If y — > X is the pointed Galois cover corresponding to H, then A^^h can be 
identified with A^^y, as defined in ((IJ where z is the node of Xy corresponding to 
e. 

The full subgraph G(Ae,//) of Gn=° (Zf) with vertices Ae_//U{ii/^n(^i), i_y,n(-D2)} 
is a line (indeed the embedding |G(Ae,_y)| C \Txy \ C identifies |G(Ae,_f/)[ with 
Sz ~ [0, 1] where z is the edge of Tx corresponding to e), so that Ae^H is naturally 
a totally ordered set for which Di is the minimal element and D2 is the maximal. If 
e = [(1)2,^1)] € i?(n)°° is the same edge of G(n)°° with the opposite orientation, 
then there is an obvious bijection Ae_H — Ag^H, which is decreasing. 

Let H' C -ff C n be two finite index normal subgroup of 11, the injective map 
Vn°°(if) — >■ Un°o(-ff') maps A^.h to A^.h'- The induced map A^.h A^^h' is 
increasing. Let 

Ae := lin^^e.g, 

H 

where H goes through finite index normal subgroups of 11. By identifying A^.h 
with Az^y, one gets an increasing bijection ^ A^. Since X satisfies resolution of 
non-singularities, Az can be identified with the set of points of type 2 of S'^. Thus 
Ae is an ordered set which is, non-canonically, isomorphic to Q n (0, 1). Let A^ be 
the Dedekind completion of Ae : A^ is an ordered topological space non-canonically 
isomorphic to [0,1]. The decreasing bijections A^^h ~^ Ag^n are compatible and 
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therefore induce a homeomorphism </)e : Ae — >■ Ag Let us call Oe (resp. Ig) the 
minimal element of A^. One then defines the topological space 

\ ee£;(n)~ / 

where ~ is generated by 

y{D, D') e E(Il)^,D ~ O^D,D'), Ve £ E{Il)°°'ix G le, a; ~ (/)e(2;). 

Since vlg is non-canonically homeomorphic to [0, 1], ^(n)"" is non-canonically home- 
omorphic to the geometric realization of G(n)°°. 

If _ff is a finite index open normal subgroup of 11, one similarly gets a topological 
space S{H)°° and the action of 11 on if by conjugacy induces an action of 11 on 

Let e e E{H)(P'^ and eo e E{U)(p'^ be such that (-^'^(i'e) is an open subgroup 
of Dg„ . Let H' C H he an open normal subgroup of H. One has A^^iji c A^g^iji, 
as subsets of V{H')^p \ Hence a map 

Ae.H' '■= A,,.H' /H Ae„M' ■= Ae„.H' ■ 

Since open normal subgroups of 11 which are inside H are cofinal among open 
normal subgroups of H and among normal subgroups of H, one gets by taking 
colimits a map 

Oie,eo '■ ^eo 

Lemma 3.7. There exists at most one continuous map ipH,n '■ S{H)°° — >■ 6'(n)°° 

such that: 

(i) if e e E{H)°° and (-^^(Dg) = 1, then ipH,n is constant on A^; 

(ii) ife€ E{H)^'^ and eo e £(n)(p') are such that i~^]^{De) is an open subgroup 

of De^, i'H,n\A^ = CXe,eo- 

Proof. Assume ip and tp' satisfy the condition. For every e e E{H)<^'^ such that 
''HTii^e) 7^ Ij then thanks to {ii), tp = V"' on and therefore on A^. For every 
V G V{H)^P'^ such that i^'^(-D«) ^ 1, there exists e G E{H)^p'^ ending at 5 such 

that S^]j{Dy) 7^ 1, and therefore "(/"(u) = ipiv'). Since G(n)°° is connected, one 
can link every edge and vertex of G(n)°° by a finite path to a vertex such that 
''H Tii^v) 7^ 1- Up to reducing the path one can assume that for every edge e of 

the path ijjJi(-De) = 1- By induction on the length of such a path, one gets that 
ip = ip'. using (i). □ 

There is a H-equivariant injection ^(n)^*' ^ —^X^p^ that maps D to the unique 
X G ^ such that D = Dx- By quotienting by n°°, one gets a H-equivariant 
injection V(H)°° — )■ X°°. Similarly, for every finite index subgroup H of H, there is 
a H-equivariant injection V{H)°° — >■ Y°°, which induces by quotienting by H°° an 
injection Vn~(-ff) X°°. If H C H' are two finite index normal subgroups, the 
following diagram is commutative: 



X°° 
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Let e be an edge of G(n)°°, and let z be the corresponding node of X^. One gets 
compatible injective maps Af-^u — > whose image lie in 5*2, hence an injective 
map fe '■ Af, ^ Sz^ compatible with the reversing of edges. Since Af, is dense 
in Ae, there is at most one extension of /e into a map Af^ necessarily 
compatible with edges. Since X satisfies resolution of non-singularities, the image 
of Af^ is exactly the set of points of type (2) in S^. However, if X is isomorphic to 
Spec Ok\X^ Y\I (XY — a) in an etale neighborhood of z, then Sz can be identified 
with [0, w(a)], and the set of points of type (2) of 5*2 is Q n {0,v{a)). On A^^h 
identified with a finite subset of [0, u(a)], the tree structure is simply given by 
joining the consecutive points. Therefore Ae — )> [0,z;(a)] is monotonous. Therefore 
/e extends to a unique homeomorphism /e : — > 5*2 , that preserves the end-points 
and is compatible with the reversing of edges. By gluing these maps, one therefore 
gets a continuous bijection f°° : ^(n)"" — S{X°°), which is a homeomorphism 
since S'(n)°° is locally compact. 

Similarly, if is a finite index open subgroup of 11, one gets a Il-equivariant 
homeomorphism S{H)°° S{Y°°). 

The composition SiH)°^ ~ S{Y°°) ''^^^'^ S{X°°) - S{U)°°, where f°° is the 
map Y°° -4 X°°, satisfies the properties of lemma [5771 Therefore there exists a 
unique map S{H)°° ~ S'(n)°° satisying the properties of lemma [5T71 

li H' C H are two finite index open subgroups of 11, then, since H is also 
temp-like, there exists a unique map S{H')°° S{H)°° satisfying the properties 
of lemma [5771 and this map is Il-equivariant by uniqueness. If H" C H' , then the 
diagram 




S{H)°° 

is commutative. One therefore gets a projective system {S{H)^) and one defines: 

S{U) ^l^S{H)°°. 

H 

The equivariant homcomorphisms induce a Il-equivariant homeomorphism S{H)°° — >■ 
S'(y°°) induce a Il-equivariant homeomorphism 

S{Ii) -^X^SiY"^). 

Y 

The maps \X\c — > ^ S{Y"^) are compatible and therefore induce a Il- 

equivariant map |X|c — > lim^^ S{Y°"). 

Lemma 3.8. The map \X\c lim^ S'(K°°) is a homeomorphism. 

Proof. First let us show that the map r : X''" = |^|c/n 1^.^ S'(r°°)/n = 
hm^ S{Xy) is a homemorphism (the proof is similar to the proof of prop. II. ip . 
Since txy ■ X S{Xy) is surjective for every Y and X is compact, r is 

surjective. Let xi ^ X2 € X and show that r{xi) ^ r{x2). One can assume 
Txi^i) — rx{x2). Let [a;i,a;2] be the smallest subset of X containing xi and X2, 
endowed with the total order such that xi < X2. Let yi < 2/2 be two points of type 
2 in [xi, ^2] and let F — )• X be a finite Galois cover such that 2/1,2/2 G V{Xy). Then 
rxyi^i) < 2/1 < J/2 < fXYi^^) hi [xi,X2], which proves the injectivity of rx^ and 
therefore of r. Since X is compact, r is an homeomorphism. 
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By pulling back along S{X°°) — > S{X), one gets that 

r°° ^X""" xs(x) SiX°°) ^ l^SiXy) Xs(x) =l^i5(A'^) 

Y Y 

is a homeomorphism. 

Similarly one gets that the map Y ]^^S{y^), where Z goes through 

Galois pointed cover of Y (one can even restrict to Z over Y Galois over X since 
they are cofinal among Galois pointed cover of Y) is a homeomorphism for every 
Y Galois. Therefore the map 

\x\^^ 1^ s{y^) ^\^s{z°^) 

Z^Y^X Z 

is a homeomorphism (the right arrow is a homeomorphism because the full subcat- 
egory of the category of morphisms F — >■ Z of pointed Galois cover over X which 
consists of isomorphisms is a cofinal category). □ 

One thus gets an equivariant homeomorphism 

(3) s(n) \xi. 

Let {X^D) be a Qp-marked curve and let X = X\D. If F — !> X is a Galois 
finite etale cover and (3^,2?y) is the stable model of Y, Xy := y/ Ga\{Y/X) is a 
semistable model of X and one gets a refinement : Giy/x ■= Gy/ Ga\{Y/X) = 

'^Vs/ Ga\{Y/X) ^X- 

If X satisfies non resolution of singularities, the family {y/ Gal{Y/X))y is cofinal 
among semistable models of X. Thus, if e G — lin^A^^^e and X — > 

lim^ |<Gy/x|can is a homeomorphism. 

Theorem 3.9. Let Xi = Xi\Di,X2 — X2\D2 he two marked curves satisfying 
resolution of non singularities and let Xi he a universal pro-tempered cover of Xi. 
Let ijj : 7r*°™^ (Xi , Xi ) ~ tt^"^^{X2, X2) he an isomorphism. Then there exists a 
unique homeomorphism 'tp : \Xi\c — > which is tl^™"^ -equivariant in the sense 

that the following diagram commutes: 

n'r^{X,,X,) X -llile 

/i°'"P(X2,X2) X \X2\c ^\X2\c 

In particular, hy quotienting by the tempered fundmental group, one gets a homeo- 
morphism: 

xT 

Proof. First, assume rpi,rp2 ■ \Xi\c — > 1-^^210 are two 7r*°™^-equivariant homeomor- 
phisms. Then, if x G |^i|c, V'(-Dk) = ^tiiiix) — ^^p2(x)- ^ V{Xi), then there 
exists an open subgroup H of finite index of 7r*°™^(Xi, Xi) such that {Djc n H)^p ^ 
is not commutative. Then ip{H) is a finite index subgroup of 7r*°™^(X2, X2) and 
i^jpi{x) ^ip{H)Y^ ^ and (D^^f^^^ n^p{H))'-P ^ are not commutative. Therefore ^i{x) 
and '>p2{x) are of type 2 and have the same decomposition group: according to 
proposition 13.41 "tpiix) = '4'2{x) for every point of V{Xi). Since V{Xi) is dense in 
|Xi|c, one has ^pi — ■ip2. 

The morphism ^ induces an equivariant homeomorphism S(tt\°"^^{Xi, Xi)) — 
S{ttI°'^^{X2, X2)). One gets from ^ equivariant homeomorphisms \Xi\c S{tt\'^™^{Xi,Xi)) 
and \X2\c ^ S{t:\^"^^{X2, X2)). One gets the wanted isomorphism by composition. 
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□ 



Proposition 3.10. Let ipaii'b '■ ti"!"™^ (-'^i , -^i ) '^i'"^^{X2, X2) be two isomor- 
phisms. If ipa — iph, then tpa = ipb- 

Proof. Let g e ttJ^p (Xi , ) . If xi G \Xi\, then 

which imphes that go := ipa{9)~^4'bi9) is in the normahzer -/V^„(a;i) of D^^(^xi)- 
Since V'a, is bijective, go G PlajjeXj -'^a:2- If ^2 G ^(-^2), then TV^^^ ~ D^^- Therefore 
9o{x2) = X2 for every 0:2 G V{X2). Since X2 satisfies resolution of non singularities, 
V{X2) is dense in X2, and thus g{){x) ~ x for every x G X2. If x is of type 1, then 
D,j, = {1}. Therefore go = 1, i.e. tpaig) = ipbig)- □ 

In particular, if {X, X) is a pointed curve satisfying resolution of non singulari- 
ties, one has an injective morphism of groups: Aut 7r*°™'' (X, X) Aut \X\. 

4. Tate curves 

Let qi,q2 G Qp such that < 1 and \q2\ < 1. Let Ei ~ Gm/qf and let 

= £;A{i}- 

If there exists a G Gq such that qi = a{q2), there is a Cp-isomorphism 
Xi ~ X2 Cp where the base change Cp ^ Cp is cr. Therefore Xi and X2 
are isomorphic analytic spaces over Qp and therefore have isomorphic tempered 
fundamental group. The following theorem states that the converse is also true: 

Theorem 4.1. Let ijj : 7r*'^'"^(A'i, ATi) ~ tt\^"^^^ (X2, X2) be an isomorphism. There 
exists a G Gq^ such that qi — a{q2), i.e. Ei and E2 are isomorphic analytic spaces 
over Qp. 

Remark. The curves Xi and X2 satisfy the assumptions of theorem l3.9[ and thus ip 
induces a homeomorphism E'f^ -E"™- However, the author does not know, even 
in this situation, if this homeomorphism comes from an analytic morphism. The 
author does not know how to associate to ip a particular a. 

Proof. Recall that = \q2\ and that ip induces a unique equivariant homeomor- 
phism ijj : \Xi\c \X2\c- The induced homeomorphism Ei ~ E2 maps Xi onto X2 
Let be the universal A"i-pointed topological cover of Xi and let -ip : \ 1^2] 
the homeomorphism induced by ip. 

Let Ei,i be the unique X^-pointed connected topological cover of Ei of de- 
gree I. Let Xi_i ~ Xi Ei^i. The isomorphism ip induces an isomorphism 
^pl : TT^i'^^lXi^i, Xi) — 7r*'^'"''(A"2,;, X2), whence an isomorphism 

functorial in / for divisibility. 

Let Gi be the semigraph of Xi and let T.; be its universal cover. Let g be the 
isomorphism Ti — >■ T2 induced by ip. One identifies il^ with Gm in such a way that 
■^(l) = 1 and 'ip{qi) = q2- If j G Z, one denotes by the cuspidal edge of 
corresponding to qj G ^i\^i and by Vij the vertex of at which Cij ends. Since 
■0(1) = 1 and ipili) — 92, 9i^i,j) = ^2.j and g{vij) = V2.j. One denotes by e'ij the 
unique oriented edge joining Vij to Vi^^i. 

All the cohomology groups will be cohomology groups for etale cohomology in 
the sense of algebraic geometry or in the sense of Berkovich. (one can replace etale 
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cohomology of X^'^ by etale cohomology of X thanks to [4, thm. 3.1]). Since 
F; ~ Z, one has H'^{T, fin) = 0. Therefore the spectral sequence 

of the Galois etale cover il^ Xij gives us an exact sequence of cohomology groups 
for Berkovich etale topology: 

1 ^ Hom(r,,AirO ^ H\Xu,fin) ^ H\n,,finf' ^ 1. 

The map O* {Vti) / O* {iV^) H^{Vti,fin) given by Kummer theory (see [3J prop. 
4.1.7] for the Kummer exact sequence in Berkovich etale topology) induces an 
morphism 

which turns to be an isomorphism (cf. [5J §1.4.2]); hence an exact sequence 

1 -> Hom(rz,/i„) ^ H\Xu,fin) ^ {o*{ni)/o*{ni)^f' ^ 1. 

where Ti = Gal(17,/X,j). 

One can describe 0*{Q..j) in terms of currents (as done in [14 for Mumford 
curves). If ^ is a ring, a A-current on is a function c : {eij}j^z YlWi j}jez -A 
such that for every j G Z, c{e[ = c{e[ j) + c{eij+i). Let C{Ti,A) be the 
A-module of A-currents on T^. There is a natural isomorphism ai : C(Ti,Z) — >■ 
0*{n,)/C* defined by 

a.(c) = x^^<o) Yl (^^)^(^--) Y[ (^^)^(^--) 

Conversely, if / G 0*(f2i), one can compute a~^{f) in the following way. For every 
j € Z, the restriction of / to the open annulus Uj = {z e pi.an^ ^ i^-j^ ^ kf'''"^!} 
can be written in a unique way as f{x) = x"^^gj{x) where mj £ Z and \gj\ is 
constant on Uj. One has {f){e'^ j) — nij. Similarly, the restriction of / to the 

punctured open disk Vj = {z G P^'™,0 < \x — qf\z < {qfl} can be written in a 
unique way as f{x) — x"^ fj{x) where Uj € Z and \fj\ is constant on Vj. One has 
a,^^(/)(eij) = nj. 

Therefore, one gets an isomorphism ai^n ■ O* {fli) / O* — s- C(Ti,Z/nZ), 
hence an exact sequence: 

1 ^ Hom(r,,/x„) ^ H\X,^i,fin) ^ C{T,,Z/nZf' ^ 1. 

Since lim^ Hom(r;, /i„) = 0, it induces an isomorphism 

a, : lii^ff\X,,i,Ai„) ^ C(T„Z/nZ)(^), 

where C(T,i, Z/nZ)'^'") is the set of Z/nZ-currents on that are invariant under 
some finite index subgroup of F. 
Consider the diagram: 

lil^^ H\X2,Ufll)~^^\\^^ H^{Xi,l,fin) 



C(T2,Z/nZ)<^) ^ - C(Ti,Z/nZ)('^) 

where the lower arrow is induced by 5 : Ti — !■ T2. 

The following lemma shows that this diagram is commutative up to a constant in 
{Z/nZy (cf. [HI prop. 13] for a similar result for Mumford curves of genus greater 
than 2). 
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Proposition 4.2. There exists a unique a G {'L/n'LY such that 02/ ~ ag*ai. 

Proof. Let / — a2fai^. We have to show that there exists A G (Z/nZ)* such that 
for every c G C(T2, Z/nZ)'^) and every edge e of Ti, /(c)(e) = Ac((7(e)). 
Let j £ Z. According to lem. 4.2], a finite cover of Xij is ramified at cij 
if and only if the corresponding cover of X2.1 is unramified at 62 j- Therefore 
/(c)(eij) = if and only if c{e2j) — 0. Therefore there exists Xj e (Z/nZ)* such 
that /(c)(eij) = Ajc(e2,j) for every c e C(T2, 'Z/nZY^\ Let ^ be a positive integer. 
Let J G Z and let Cj be the Fj-invariant current defined by 

1 if k = j mod I 
Cj{ei,k) = { —1 if k = j + l modi 
otherwise 



Cj(ei.fe) 



if fc e [j + 1, j + / - 1] mod Z 

1 if k = j mod / 



If I is big enough (for example ii I > 2 + 2 ""!^'^^+^ according to P cor. 4.10]), 
the /i„-torsor corresponding to Cj is split at j_^^i+iy Therefore, the /i„-torsor 
corresponding to /(ce) is split at ^^^i+i-^, which implies, according to [HI prop. 
4.11], that f{cj) is zero at all the edges ending at j_^_^l±±^ ■ Then /(cj)(e2j) — Xj, 

f{cj){e2.j+i) — Aj-|_i, /(cj)(e2,/c) = for all k ^ j,j + 1 mod I, and is zero for 
some non cuspidal edge between f2j+i and V2j+i. Therefore f{cj) = Xjg*{cj) and 
Xj = Xj^i. One thus gets that Xj does not depend on j, one simply denotes it by A. 
The group of Fj-equi variant current is generated by {cj)jfz[o,2i-i] so that one gets 
/(c) = Xg*{c) for every current c, which ends the proof. 

□ 

Let Ai be the multiplicative group of non-zero meromorphic functions on Gm 
with no poles and no zeroes on fi^ C Gm- Let Bi C Ai be the subgroup of Ai 
consisting of functions for which 1 is neither a pole nor a zero. Let A'^ C il.^{ili) be 
the groupe of regular differentials on Gm with no poles on fli . 

The map dlogoai : C(Ti,Z) — ^ A'i can be extended by linearity to a map 
6i:C{T„Zp)^ A'i defined by 

(5,(c) = c(e, n)— + } ^ c(e,j)( - — ) + > ^ c(e,j) 



^ j>l X-qi X x~qi 

If z G Gni(Cp), one denotes by and to € A'^, one denotes by ord2(w) G Z>_i the 
{x — z)-adic valuation of ^ G j3^Cp[[x — z]]. 

Lemma 4.3. Let c be in C(Ti,Zp), and let z G Gin(Cp). Assume that il'{z) is 
also of type 1, i.e. ip{z) G G,„(Cp). T/ien ordz(5i(c)) = ord^(2)(52(5*(c)))- 

Proof. Let J ^ {j e Z\C{eij) ^ 0}. For z = ql with j G J, then -tpiql) = 
q^ and thus ord^j ((5i(c)) = ord^i{52{g* {c))) — —1. One can thus assume z G 

Gm{Cp)\{q{] j^j and therefore ord2(^i(c)),ord^(2)((52(5*(c))) > 0. 

Let c„ G C(Ti, Z)(^) be such that |c„(eij) - c(ei,j)|, \cn{e'i^j) - c{e'^,j)\ < P"" if 
-ljUlogpkil <n + ^. 

Then 5i(c„) — > (5i(c) on every affinoid subspace of Gm\{qi}jeJ- Similarly 
S2{g*icn)) ^ S2{g*{c)) on every affinoid subspace of Gni\{q2}jGJ- Therefore 

ord^idiic)) > m ^ Ve > Vn > iV, ^ ord2'((5i(c„)) > m. 

z'GD(z,e) 
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Therefore it is enough to prove the lemma for every c„. One thus assumes that 
c e C(Ti,Z)(^). Let TV be such that c € C(Ti,Z)i'". The isomorphism ip induces 
an isomorphism ipN '■ 7''5^°™''(^i,Ar) — >■ it\''"^^{X2^n)- 
Consider the image Yi of c under the map 

C(Ti, Z) 0*(l]i) ^ H\ni,Zp{l)), 

and let Yi.n be the induced /Ltp^-torsor on Jli; it extends in an unramified /ipn -torsor 
of Q,i\{ql}jfzj. Let zi^n be the point of Qi such that Yi,„ is not split at zi_„ but 
is split on [z,zi^n)- Consider the image Y2 of g*{c) under the map C(T2,Z) — >■ 
0*(ri2) H^{^l2, Zp(l)), let 12, n be the induced /ip^-torsor on ^2 and let Z2,n be 
the point of Q2 such that l2,n is not split at 22, n but is split on [ip{z), Z2,n)- Since c 
is FAT-invariant, li,„ is in the image of Hom(7r*°'"^ (Xi^Tv), /ipn) = H^{Xi^N , iipn) — >■ 
if^{f2i,/Xpr.). For every preimage of F^^n in Hom(7rf ™P(Xi^Ar), ^p-.), for every Y^^n 
is split at a point z' G Gm if and only if Dz' C Ker(/3i), where D^/ is a decomposition 
group of z' in Tr^'^'^^{Xi^N). According to proposition l4.21 there exists a S (Z/p"Z)* 
such that, if /3i is a preimage of Yi,„ in Hom(7rJ''™^(Xi_7v), /ip"), then a^iip'^^ is a 
preimage of l2,n in Hom(7r*°™^(X2,Ar), ^p^). Since Ker(Q;/3i'0^^) = ■!/'(Ker(/3i)) and 
^ii(z') = i^NiDz'), one gets that Yi,Ar is split at z' if and only if Y2^n is split at 
ipiz'), and therefore 22, n = V'(^i,n)- 

Let Co e ^(Ti, Z)'" be defined by co(ei_i) = and co{e[ i) = 1 for every z € Z. 
Then ai(co)(a:) = a; and a2{g*co){x) — x. Let (/>i_„ (resp. (/)2,n) be a preim- 
age of Co mod p" (resp. g*co mod p") by the map Hom(7r*™''(Xi, Xi), ^pn ) = 
JTi(Xi,/ip„) ^ C(Ti,Aip.)r (resp. Hom(7rJ""P(X2, X2), ^p.) = Hi(X2,Aip") ^ 
C(T2,^pn)^). Let = ^ , , -™--J^ e G„i and = ^7, , ,t, „ — ^ ^ Gn,. 
According to [3 lem. 4.2], zj is characterized in Gm by the fact that Ccan,p" is 
not split at z[ „ but is split above [z,z[ Therefore z'l „ is also characterized by 
the fact that Z?^^ ^ Ker0i_„ and Dz' C Ker(/)i,„ for every z' G [2,z^„). Simi- 
larly, Z2 „ is characterized by the fact that D^'^ ^ Ker(j)2.n and C Ker02,ra 
for every z' € [z,Z2n)- According to 14.21 one can choose (j)2,n to be a(l)i^n'4'~^ > so 
that Kei 4)2,11 — '/'(Ker(/)i^„). Therefore, since ^5 is compatible with decomposition 
groups, z^ „ = V'(4,«)- 

Using proposition 12. 31 one gets 

ordz{Si{c)) + 1 = lim- inf{m, z^ „ G [z, zi,„]} 

n n 

= lim i inf{m, ■(/^(zi G [?/!(z), -0(zi,„)]} 

n n 

= lim - inf{m, z^ „ G [V'(z), Z2,„]} 

n n 



= oi-d^(^)('52(.g*c)) + L 



□ 



Let fi : N>o { — 1, 0, 1} be the Moebius function. Let n > 1. Let c„ G C(Ti, Z) 
defined by 

• c„(eij) = if j < 0; 
. c„(e;_^.) =0 if J <0; 

• c„(eij) = nij-^) if j > 1 and j ^0 mod n; 

• c„(ei.j) = if J > 1 and j ^ mod n; 
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The associated differentials are: 

S2{g*icn)) = E,>iMj)(^-i)rf^- 

By evaluating Si{cn) and 52{g*{cn)) at 1 in Cpdx^ one gets 

jn 

j>l '^1 j>l fe>l d>l j\d 

and similarly 52(.9*(cn))(l) = q2dx. Let cq be defined by co(eij) = and co(ei.j) = 
1. Then Si{co) - <52(g*(co)) = f and <5i(co)(l) = <52(,g*(co))(l) = dx. 

If ^ = En>o e let CP = E„^o «"C„ G C(Ti, Zp), so that <5i(cp)(l) = 

P{qi)dx and 52(ff*(cp))(l) - P(<Z2)dx. 

According to lemma l4.3l Si{cp){l) = if and only if (52(.g*(cp))(l) = 0. Therefore 
P{qi) = if and only if P(g2) = for every P G Zj,[X], which implies the result. □ 
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